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Constitutive Relationship of Ice Flow
The most commonly used constitutive relation, Glen’s Flow Law (1), is semi-empirical as it is derived from simplified
physical models, observations of natural ice flows such as borehole deformation measurements and ice flow velocities,
and laboratory experiments on polycrystalline ice aggregates comparable to ice sheet conditions (2–9). Glen’s is a power
law rheology, which is useful in its simplicity to approximate the behavior of a non-Newtonian fluid by relating the strain
rate and deviatoric stress. In the form proposed by Glen (1), the strain rate refers to the secondary (minimum) creep
constrained on small, polycrstalline laboratory ice crystals. It has been shown, however, that the tertiary (steady-state)
creep is perhaps a more appropriate measure of ice sheet flow for the anisotropic and high total strain accumulation of
glacier ice (10). The convention of glaciological literature is to adopt n = 3, describing a shear-thinning viscous fluid.
However, diverse experiments and observations have shown the exponent to range from n = 1 to integers as high as 11,
implying various mechanisms of deformation (4, 11).

In this work, we test and calibrate Glen’s Flow Law for polycrystalline ice:

ε̇e = Aτne , (1)

where ε̇e is the effective strain rate, τe the effective deviatoric stress, n the stress exponent, and A the rate factor (1). In
its most simplified form, A can be expressed as a function of temperature according to

A = A0exp
(
− Q

RT ′

)
, (2)

where A0 is a constant factor, Q is the activation energy, R is the universal gas constant, and T ′ is the temperature
difference to the pressure melting point (12, 13). The effective strain rate and effective deviatoric stress are defined as
the square root of the second invariant of the strain rate and deviatoric stress tensor, respectively, which is a measure of
total magnitude (14). By definition these quantities are

ε̇2e =
1

2
(ε̇2xx + ε̇2yy + ε̇2zz) + ε̇2xy + ε̇2xz + ε̇2yz, (3)

τ2e =
1

2
(τ2xx + τ2yy + τ2zz) + τ2xy + τ2xz + τ2yz. (4)

(15). Here, τij is the deviatoric stress tensor, representative of changes in shape but not volume, and ε̇ij is the strain
rate tensor, describing the rate of deformation of a material. The power law relationship shows the dependence of
strain rate on applied stress and temperature, and typically uses least-squares regression to constrain the stress exponent
from observations on natural ice masses (3, 16, 17) and laboratory experiments on isotropic polycrystalline ice (1,
4, 8, 18). From these constraints, typical values for the constants have been inferred as n = 3, and for this value of
n, the rate factor, A, is shown to exhibit a common range between 1.8− 95× 10−25 s−1 Pa−n dependent on the ice
temperature, crystal size and orientation, and impurity concentration (12). It is worth noting that A is assumed to be a
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scalar, although fully accounting for anisotropy in the crystallographic fabric of glacier ice would require representation
of A with a second order tensor. In this work, our consideration of an extensional flow regime avoids this complication.

Glen’s Flow Law assumes that ice is an incompressible polycrystalline structure deforming as a viscous fluid. Ice
viscosity is non-linearly dependent on deviatoric stresses, which can be shown from the information in Equations 1, 3,
and 4 where we can conclude:

2ηε̇ij = τij (5)

where η is the effective dynamic viscosity

η =
1

2Aτn−1e

=
1

2A1/n
ε̇

1−n
n

e (6)

The stress (and strain rate) dependence of η shows that the viscosity of ice decreases with increasing stress, a
characteristic often known as shear-thinning (or pseudoplastic) viscosity.

Field evaluations for the flow law exponent confront the problem of covariance of stress with other factors that influence
the viscosity (19). Historically, laboratory experiments made the evaluations of the flow law from the minimum strain
rate observed, which is a measure of secondary creep in ice and not unconditionally representative of larger strain
observed in naturally flowing ice masses (10). Distinguishing the transition from a minimum strain rate to the tertiary
creep in experimental studies reveals a shift in the value of the flow law exponent to a higher value, such as the work
from Treverrow (8) where the minimum strain rates reveal n = 3 and the tertiary strain rates exhibit n = 4. For this
reason, the mechanism of deformation in polycrystalline ice is critical for constraining the values of n and A, as the
grain size and fabric have major influence over the viscosity alongside temperature and stress (4).

Solving for Effective Stress
Conservation of momentum (Stokes equations) describes all forces acting on the volume of glacier ice such that

∂τij
∂xj
− ∂p

∂xi
− ρgi = 0 (7)

where p is the pressure, ρgi is the driving gravitational force (with g = gẑ), and summation is implied for repeated
indices. For a layer of ice floating on top of an ocean, we can derive depth-integrated equations to describe the balance
of forces in such a system, given that the ice shelf is much larger in horizontal extent than in thickness (20). At scales of
order the ice thickness, bending (and bridging) stresses are negligible, allowing us to simplify the equilibrium equations
(21). As a result, we take the vertical normal stress to be hydrostatic, or equivalent to the overburden stress (weight of
the ice per unit area). This can be expressed as

p = −ρgz + ρg′H + τzz = −ρgz + ρg′H − τxx − τyy (8)

where H is the ice thickness, g′ = g(ρw−ρ)/ρw is the reduced gravity, and the second equality arises from the fact that
the deviatoric stress tensor is traceless as a consequence of the incompressiblity of ice. Eq. 8 is derived by integrating
the vertical component of Eq. 7 and applying the condition of continuous normal stress at the top and bottom of the
layer.

Then, neglecting basal drag (due to our focus on ice shelves) and depth integrating the x-component of Eq. 7, we can
obtain

∂

∂x
[H(2τxx + τyy)] +

∂

∂y
(Hτxy) = ρg′H

∂H

∂x
. (9)

A complete derivation can be found in (22), which uses different notation but reveals the same outcome.

Our initial constraint to focus on areas with low shear strain rates allows us to eliminate the second term in Equation 9.
Furthermore, we can assume that the lateral normal stresses (τyy) are small compared with the longitudinal normal
stresses (τxx) due to our emphasis on areas with εxx � εyy . Vastly reduced, what began as four components - extension,
lateral shear, basal drag, and buoyancy - now only requires terms for extension and buoyancy to illustrate the force
balance of an unconfined ice shelf (23). Equation 9 is now

∂

∂x
(2Hτxx) = ρg′H

∂H

∂x
. (10)

We can now rearrange the right-hand side of Equation 10 to an equivalent form

∂

∂x
(2Hτxx) =

1

2
ρg′

∂

∂x
(H2). (11)
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Integrating this equation subject to the free stress condition at the front of the ice shelf and simplifying the resulting
equation, we obtain

τxx =
1

4
ρg′H, (12)

which we use as the basis for our analysis of extensional deviatoric stress in floating ice shelves. This derivation shows
how we can use the extensional deviatoric stress as the total effective stress in our regions of interest, allowing us to use
a dataset of ice thickness to determine the stress in the system parameter.

Generating Strain Rate Fields
The effective strain rate window size employed for the analysis has a recognized influence over the values for the rate
factor and flow law. Spatial heterogeneity of the effective strain rate calculated using a Savitzy-Golay filter is smoothed
and absorbed as the window sizes increase, and we choose to employ strain rates created with a window size of 31,
which equates to 3720 m. We find that this is the best intermediary raster which represents distinct features, such as
locally elevated strain rate at pinning points, while maintaining a smooth surface across a region along-flow on the ice
shelf. To ensure that this window size is the most appropriate for our application, we use typical recommendations of
length scales between 4-10 ice thicknesses (12, 24). This recommendation originates from work used to minimize the
errors, as represented by the sum of the square differences between the polynomial fit and the velocity fields, seeking a
value that minimizes the misfit (25). The window size used preserves the values of strain rates in regions with low shear
while removing artefacts from data collection of velocity fields and prominent surface features such as crevassing. In
this way, we can use a visual assessment to determine the appropriate strain rate field. Importantly, the length scale used
to calculate the gradients of the velocity field do not vary markedly in the regions appropriate for analysis in this study.
We are using aggregates of cells with negligible shear stresses and small gradients across the ice thickness, so we expect
areas with little noise (26).

Viable Areas for Analysis
The fast-flowing, extensional regions of Antarctic ice shelves can be identified by extracting grid cells in which the
along-flow strain-rate and the effective strain-rate are sufficiently similar. Described in the main text, the ratio between
the extensional strain rates ε̇xx and the horizontal effective strain rates ε̇e cannot exceed

√
2. We deem a criteria

ε̇xx ≥ ε̇e to be the minimum acceptable value of similarity between the along-flow and effective strain rate, as this both
highlights large, spatially congruous regions on ice shelves while excluding areas close to ice shelf margins and the
grounding zone. Importantly, this criteria appropriately excludes regions undergoing complex flow where our intuition
presumes dominant shear stresses and prominent lateral confinement. The full map is shown in Figure S1, with a few
individual ice shelves in Figure S2. The appropriate area for analysis comprises 24.7% of all ice shelf area, clearly
identifying large belts of grid cells where the ice if flowing in a nearly extensional regime. Moreover, many of these
zones have small horizontal gradients in the ice thickness data, and avoid regions with known surface crevassing. This
helps our analysis by removing regions with large jumps in strain rate between grid cells, leaving behind unexceptional
portions of the ice shelf. The range of values for the stress and strain used for Figure 2 in the main text and Figure S3
below are shown in Figure S4, further illustrating this point.

Value of the Flow Law Rate Factor
Figure S3 shows values of the flow law rate factor, A, found from the same regions used for Figure 3 in the main text.
While the values of n nearly resemble a normal distribution, with values hewing closer to n = 4, the values of A for
the same areas reveal a very different behavior worth commenting on. Typically, the recommended base value of A is
3.5× 10−25 Pa−3 s−1 for a temperature of −10◦C and a flow law exponent n = 3. The value of A is influenced by the
value of n as shown in the units of the term, and increasing n by a full integer value dramatically shifts the possible
values of A. Notably, the range of stresses over each region are typically small, influencing the y−intercept in each
regression created. Physical properties of the ice are different among each ice shelf, and the value of A has the ice
temperature and activation energy explicitly wrapped up in the term. While the physical meaning of n is likely to do
more with the stress-state of glacier ice, it is likely that A varies by other influences such as temperature and impurities
that are not explicitly accounted for in this study.
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Figure S1: Map of the valid regions used for analysis of the flow law parameters. Grid cells with values < 1.09 were not
factored into our work, and as shown in the main text there is no indication that the ratio between the along-flow strain
rate and the effective strain rate influences the values of n once they exceed the critical value of 1.0. Cells appropriate
for analysis make up approximately 25% of all ice shelf surface area.
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Figure S2: Individual ice shelves across Antarctica illustrating coherent spatial patterns in the ratio between the
along-flow strain-rate and the effective strain-rate. We are able to find large swaths of each ice shelf suitable for analysis,
even with vastly different oceanic and atmospheric conditions shaping the flow speeds and stress state of the ice shelf.
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Figure S3: Normalized kernel density estimation of the value of the flow law rate factor, A, obtained over viable regions
of Antarctic ice shelves from bootstrap error estimation. The probability density shows that the value of A spans a
greater range than the values of n, though a two-order-of-magnitude variability in A is expected from the variability in
n and typical stresses ∼ 100 kPa. While the size of the areas used for analysis have smaller spread in comparison to
smaller geographic areas, the estimates do not center around a single value for A. Rather, results of A match intuition
that the values should be smaller than typical values prescribed for n = 3, which are on the order of 10−25 Pa−n s−1.

Figure S4: Ranges of the effective deviatoric stress and effective strain rate used for Figures 3 (in the main text) and S3.
The values are characteristic of extensional stresses on ice shelves (11) and the strain rates are small, indicative of the
prosaic deformation in the areas analyzed in this study.
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